If X and Y are compact topological spaces, the unital star-homomorphisms from C{X) to C(Y) satisfy certain homotopy properties when X is an absolute neighborhood retract. We show that two of these properties still hold when C(Y) is replaced by a "noncommutative space", i.e. an arbitrary unital C* -algebra, but only under the additional assumption that X is one-dimensional. Specifically, we show that C(X) is semiprojective and that two unital star-homomorphisms from C(X) to a C*-algebra A are homotopic whenever they are close.
Introduction. In topological shape theory, a space P with bad local properties is realized as an inverse limit of absolute neighborhood retracts (ANR's). The reason for using ANR's is that continuous functions to ANR's have two nice homotopy properties. Let X be a compact ANR. Two continuous functions from a space Y to X are homotopic whenever they are close in an appropriate sense [5, 1.5.3] . This rigidity result is used to show that a function from an inverse limit of spaces to X can be deformed to factor through one of those spaces [5, 1.3.2] . From this follows the fact, essential to shape theory, that two inverse systems of ANR's which both have limit P are equivalent in an appropriate way. Therefore, one may define the shape of P as the equivalence class of these systems, and use a representative system to study the global properties of P.
The Gelfand transformation translates the above into homotopy results about either two homomorphisms from C(X) to A or a homomorphism from C(X) to an inductive limit limA n , where A and A n are commutative unital C*-algebras. Our main results, Theorems A and B below, show that these homotopy results still hold when X is one-dimensional and the commutivity assumption on A and A n is dropped. The requirement that X be one-dimensional is necessary for Theorem A to hold in general. In [4] , it was shown that Theorem A fails for the two-torus.
The question of whether Theorem B holds for the two-torus is equivalent to the following open problem. Roughly, it asks whether close commuting unitary pairs can be connected.
TERRY A. LORING
Question. Does there exist ε > 0 such that, for any C*-algebra A and unitaries UQ, U X , F O , V X e A satisfying
there exist continuous unitary paths Uu V t in A from ί/ 0 to C/i and F o to V\ satisfying
Unless otherwise stated, all C*-algebras shall be unital, and all homomorphisms shall be unital star-homomorphisms. Effros and Kaminker [2] introduced the notion of a semiprojective C*-algebra. A semiprojective C*-algebra retains, in the noncommutative setting, enough of the properties of the algebra of continuous functions on an ANR to be used in a workable shape theory for C* algebras. Theorem A implies that, for X one-dimensional, C(X) is semiprojective. In fact, the homotopy lifting property in Theorem A, when restricted to injective inductive limits limi?^, is equivalent to semiprojectivity ([2, 3.2] ).
Semiprojectivity is a noncommutative analog of being homotopically dominated by an ANR. Blackadar [1] introduced a property for C* -algebras which is a noncommutative analog of a space being an ANR. He called this property semiprojectivity, but since both this and Effros and Kaminker's semiprojectivity are useful, we will call a C*-algebra with Blackadar's property a noncommutative ANR. It is unknown whether C(X) is a noncommutative ANR for X onedimensional.
The homotopy lifting property, stated in Theorem A for C(X) 9 defines a class of C*-algebras lying between the semiprojective Calgebras and the noncommutative ANR's. There is a nice characterization, in the finitely presented case, that a C*-algebra will belong to this class if and only if it is defined by relations that are stable in the sense of the conclusions of Lemma 4.3, excluding (iii) and (v), (cf. notation 3.3). While a shape theory based on this class of C*-algebras could be developed, it is not clear, at least at present, what advantages it would have over the two existing shape theories.
It may not be clear why Theorem B is related to the rigidity property for maps to ANR's. This property is related to the concept of %-closeness, which we now consider. Let X and Y be compact spaces and let ^i, ψι\ C(X) -• C(Y) be defined by functions h\, hi: Y -* X. If % is a finite open cover, then h\ and hi are said to be ^-close if, for each y e Y, there exists U e W such that A, (y) G U for / = 1,2. Given ε > 0, f\,..., f k e C(X), there is a finite open cover % such that h\ and hi ^-close implies that A converse also holds. If X is a compact ANR, then it is a theorem ( [5, 1.3.2] ) that there is a finite open cover ^ such that functions to X which are ^-close are homotopic. Theorem B is precisely this statement, in the noncommutative setting, restricted to the onedimensional case.
The remaining sections are organized as follows. Detailed, elementary proofs of our main results are given in §2 for the simplest nontrivial case, i.e., the circle. These are intended to illustrate our general techniques involving generators and relations. A connected, onedimensional space is homotopic to a bouquet of circles S 1 V V S ι . §3 describes the C*-algebra C(S X v VS 1 ) in terms of generators and relations, and through a series of reductions shows that Theorems A and B follow from a lemma on the stability of these relations. The proof of this lemma, which contains the real work of this paper, is the content of §4.
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2.
A very special case. The key to proving Theorems A and B is Lemma 4.3. For X = S ι , Lemma 4.3 is vacuous. We shall prove Theorems A and B in this special case using some easy facts about the polar decomposition. There is nothing new or difficult in this section, but it serves to illustrate our approach for the more general case of
If X is an element of a C*-algebra A, and if ||jrjr-l|| < I and ||Xr-l|| < 1,
The following properties of P(X) are obvious: 
Let F = P(JSΓ), W t = P(y t ). Property (2.1) shows that sending 3. The proofs. Our plan of attack is first to show that it suffices to prove Theorems A and B in the case X = S ι v V S 1 , a bouquet of circles. We will describe the algebra C(S ι V V S ι ) in terms of generators and relations. Lemma 4.3 describes a construction which perturbs operators which almost satisfy these relations so that they satisfy them exactly. With this construction we prove our results for X = S 1 V-VS 1 . Every one-dimensional finite CW-complex is homotopy-equivalent to the disjoint union of a finite number of finite bouquets of circles. The reduction to the case X = S ι V VS 1 therefore follows from the next two propositions. Proof. For Theorem A, the proof of this proposition is similar to that of [2, 3.6] and is omitted.
We identify C^OθC^) with C{X X UX 2 ) and C(X/) with C{X { )® OorOθ C{X 2 ). Choose ε, > 0, //,..., fl e C{X t ) such that the conclusion of Theorem B holds for β/, {//,..., f£ }. Without loss of generality, assume that ε\ = ε 2 = ε, n\ = n 2 = n and ||/y|| < 1. We shall show that Theorem B holds for X\ u X 2 with ε 0 and {lθ0,0θl}U{/;|/=l,2,7 = l,...,n} where εo is chosen below. Lemma 1.8 of [3] implies that there exists δ > 0 such that, given two pairs of orthogonal projections {E x , E 2 }> {F\, F 2 } in a C*-algebra A 9 if \\Ei -Fi\\ < δ, i = 1,2, then there exists a unitary U e A such that ||t/-1|| <min{ε/3,l} and UEiU*=F if ι = 1,2.
We let εo = min{<J, ε/3}. Assume that 
)-C(Xi)
. Therefore, it suffices are homotopic for / = 1,2. For/ = /;,
By our original assumptions, this implies that φ\c(Xi) and are homotopic.
D
We now consider the case X = S x V V S x {N copies). Since X sits naturally as a closed subset of the iV-torus, it is clear that C(X) is generated by iV commuting unitaries. It is not hard to discover the relations satisfied by these unitaries. .., Wjv) and ^(C/i,j,..., £/jv,s) can be assumed to be small enough so that W t and t/ /5 are defined. These define homomorphisms
Property (3.2) implies o^(Wι) = ΪJ i% \ hence a^φ = ot\. But αo ~ φ by property (3.3) , so ψ is a lift of φ up to homotopy, proving Theorem A in this case.
Stability of the relations.
This section is devoted to finding a natural method of perturbing unitaries V\,..., F# for which the relations
almost hold into ones for which (4.1) holds exactly. The construction proceeds iteratively, perturbing at each step only the first k unitaries to force (4.1) to hold for i, j < k. In order to control the error in the remaining relations, we keep track of the size of the perturbations. As a result, Lemma 4.3 is stronger than the proofs of Theorems A and B require. Since we will use the polar decomposition P{X) = X{X*X)~χl 2 , we need the following estimate. Proof. The spectral mapping theorem and a little calculus show that p" 1/2 -1|| < Δ whenever h > 0 and ||A -1|| < Δ < 1/4. Trivial estimates show that and || V*V -11| < 3C, so the required estimate follows immediately. D
The next lemma shows that, once the first n unitaries have been perturbed to satisfy (4.1), the first n + 1 can be perturbed slightly so that (4.1) holds for i,j < n + 1.
Recall, from notation 3. 
V
δ are unitary and the construction is natural. Also, (v) is obvious. Assuming (iv), it is easy to see that the paths Vf, U satisfy (vi) and (vii). (For (vii) , note that p(g) = g{l, 0)1 when V\ = = V n = U = 1.) Therefore, to finish the proof, we must show that U' is invertible and prove (iii) and (iv).
Since ( 
Our estimate of \\U -U'\\ will rest on the following. Suppose g e satisfies ||;|| < 1 and g(l, t) = Oift£ [δ,l -δ] . Define there is a natural assignment ofunitaries (V\,...,VN) in A such that Proof. We shall proceed by induction on the number of unitaries. Since &(U) = 0 for all unitaries U, the lemma is completely trivial foriV= 1.
Assume the lemma is true for N -1 unitaries. Let e > 0 be given, and choose δ > 0 so that We now use the induction hypothesis, with εo and N -1 in place of ε and N, to produce ηo > 0 for which (ii)-(v) can be fulfilled. Finally, choose η > 0 so that 
